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Abstract
We show that the problem of covering cycles with loops, de/ned in Kratochv)*l et al. (Graph-
Theoretical Concepts in Computer Science, Proceedings of the 23rd WG ’97, Berlin, Lecture
Notes in Computer Science, Vol. 1335, Springer, Berlin, 1997, pp. 242–254) is NP-complete.
We also prove NP-completeness of the 8-star/sh cover problem, which concludes complete
computational complexity characterization of k-star/sh cover problems. c© 2001 Elsevier Science
B.V. All rights reserved.
1. Introduction
Denition 1. The covering projection is a graph homomorphism f s.t. the neighbor-
hood of every vertex u is mapped bijectively onto neighborhood of f(u).
In other words, a mapping f :V (G) → V (H) is a graph covering projection if it
satis/es the following conditions:
• (u; v) ∈ E(G)⇒ (f(u); f(v)) ∈ E(H),
• degG(u) = degH (f(u))∀u ∈ V (G),
• (u; v); (u; w) ∈ E(G)⇒ f(v) = f(w).
The notion of graph covering projection was used by Biggs [3] in the construction
of highly symmetric graphs. An application to distributed computation was mentioned
by Angluin [2].
The computational complexity of the H -cover problem was introduced by Abello
et al. [1] and it was investigated in a series of papers by Kratochv)*l et al. [4–6].
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Denition 2. The H -cover problem (parameterized by the graph H) asks whether a
given graph G covers a /xed graph H , i.e., whether there exists a covering projection
from G to H .
A covering projection between two trees is equivalent to a tree-isomorphism and
therefore, the tree-covering problem can be solved in a constant time.
In [5] the notion of the covering projection (and the H -covering problem) was
extended to colored directed multigraphs (in this case, the covering projection has to
maintain vertex, edge colors and directions). On the other hand any H -covering problem
is equivalent to a H ′-covering problem where H ′ is a colored directed multigraph with
minimum degree 3.
In [5] it was shown that the H -cover problem is NP-complete for
• H formed from two disjoint loops connected by C2 (multiple edge).
• H being the k-star/sh graph where k is a multiple of an odd prime.
The k-star4sh graph arises from Ck by replacing each edge by a triangle C3. (In
the new graph every pair of original consecutive vertices is connected by an edge and
also share a common neighbor.)
The k-star/sh-cover problem is solvable in polynomial time for k=1; 2; 4 (via 2SAT)
[5]. The computational complexity of the 2k -star/sh-cover problem (k¿3) was posed
as an open problem.
This paper gives an answer to the above question and shows NP-completeness results
for the H -cover problem for cycles with loops, as a generalization of covering C2 with
loops.
2. Covering cycles with loops
The symbol Clk (P
l
k) denotes a cycle (path) of length k (in the number of edges)
with a loop at each (inner) vertex. Observe that vertices of both multigraphs are of
degree 4 or 1. We denote vertices of Clk by u0; u1; : : : ; uk−1 or u(i) when the subscript
is more complex.
If not stated otherwise, k means the length of the cycle and is greater to 2.
Observation 1. Suppose k¿4 and consider a covering projection f :G → Clk . Then
the vertices of every subgraph of G; isomorphic to C2 or C3; map onto the same
vertex in Clk .
Observation 2. If a multigraph G contains a subgraph isomorphic to Plpk ; then both
endpoints of Plpk are mapped onto the same vertex under any covering projection from
G to Clk .
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Proof. Each vertex inside Plpk has both neighbors mapped onto distinct vertices in C
l
k .
Walking along the k edges in Plk , the images wind around C
l
k and end in the starting
vertex.
It follows that under any covering of Clk , any edge connecting vertices with distinct
images can be replaced by Plik+1.
Note that for even k, endpoints of Plk=2+ik are mapped onto opposite vertices
in Clk .
Let us investigate properties of covering of two special graphs that will be useful
later.
Consider d¿2 triangles T1; T2; : : : ; Td, where each Ti lies on vertices {ai; bi; ci}.
Connect vertices ai and bi+1 (bd+1 = d1) by two paths Plk . Denote the resulting graph
by S(d).
Observation 3. Suppose that a multigraph G contains S(d) as a subgraph. Then
under any covering G → Clk ; all vertices ci map onto the same vertex.
Proof. For k ¿ 3, the observation follows directly from the previous observations. If
k = 3, then consider any ai and its neighbors on Plk . This triple is mapped onto three
distinct images, since both neighbors have a loop. The vertices bi; ci are mapped onto
the same vertex in Cl3 as ai.
Consider the graph Fk , called the fence on 4k2 vertices:
V (Fk) = {vi; j ; 06i; j62k − 1} and E(Fk) = Ev ∪ Eh ∪ Ed de/ned as
• Ev = {(vi; j ; vi; j+1); 06i; j62k − 1}
: : : vertical edges,
• Eh = {(vi;2j; vi+1;2j); 06i62k − 1} 06j6k − 1
: : : horizontal edges,
• Ed = {(v2i;2j−1; v2i+1;2j+3); (v2i;2j−1; v2i−1;2j+3); 06i; j6k − 1}
: : : diagonal edges.
(All additions and multiplications are computed modulo 2k, see Fig. 1 for an example.)
Observation 4. Graph Fk covers Clk .
Proof. We de/ne a covering projection f :Fk → Clk by
f(vi; j) =
{
u( i+j−12 mod k) for i odd;
u( i+j+12 mod k) for i even:
The graph Fk is vertex transitive in two ways vi; j → vi+2; j and vi; j → vi; j+2. The
covering projection f satis/es
f(vi+2; j) = f(vi; j+2) = u(f(vi; j) + 1mod k):
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Fig. 1. Graph F6.
Fig. 2. Covering of the graph F .
Therefore, it is suOcient to check that f covers properly the vertices v0;0; v0;1; v1;0
and v1;1. See Fig. 2 for details.
Denote by g the automorphism of Fk which interchanges the vertices vi; j and
v(2k−i mod 2k); j, and in particular the vertices v1;0 and v2k−1;0. Then the edge (v0;0; v1;0)
can be mapped either on the loop in Clk (under f) or on a plain edge (under g ◦ f).
Moreover the graph Clk is edge transitive between any pair of loops and also between
any pair of ordered plain edges. Therefore the covering f (resp. g◦f) composed with
appropriate automorphism of Clk maps (v0;0; v1;0) onto any ordered edge (ui; uj) in C
l
k .
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Fig. 3. Edge gadget for an odd k.
Corollary 1. For each (ui; uj) ∈ E(Clk); there exists a covering projection f :Fk → Clk
such that
f(v0;0) = ui = f(v0;1); f(v1;0) = uj = f(v1;2k−1)
i.e.; there are four vertices v; Pv; w; Pw (e.g. v0;0; v0;1; v1;0; v1;2k−1) such that the vertices
v; w can be mapped onto arbitrary neighbors or onto one vertex in Clk and pairs v; Pv
resp. w; Pw have distinct images.
Proposition 1. For any k¿3 the problem whether a given multigraph PG covers Clk is
NP-complete.
Proof. Let us /rst consider the case of k odd. We use the Hell–Ne(set(ril theorem [7]
which claims that the existence of a homomorphism from an input graph G to Ck is
a NP-complete problem for odd k¿3. We show a reduction of the Ck -homomorphism
problem to the existence of a covering projection to Clk .
Let G be a graph for which the existence of a homomorphism to Ck is questioned.
Construct a multigraph PG as follows: For all vertices v ∈ V (G) use in PG an isomorphic
copy Sv of the graph S(deg(v)). For each edge (v; v′) ∈ E(G) select unique vertices
c ∈ Sv and c′ ∈ Sv′ and connect them by an edge (c; c′) and also by a path Plk−1 (see
Fig. 3).
The above observations and properties of the graph S(d) imply that any covering
projection f : PG → Clk de/nes also a homomorphism h :G → Ck de/ned by
h(v) = f(c1) where c1 ∈ Sv:
Conversely any homomorphism h :G → Ck can be extended to a covering projection
f : PG → Clk .
If k is even, then the idea is based on a reduction from the k-coloring problem.
Let G be a graph whose proper coloring with k colors is questioned. We construct
a multigraph PG which covers Clk if and only if (G)6k.
For all vertices v ∈ V (G) of degree d, let PG contains the vertex gadgets Sv as in
the above case. Consider (v; v′) an edge of G. We build an edge gadget that forces
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Fig. 4. Edge gadget for even k.
that vertices c ∈ Sv and c′ ∈ Sv′ are mapped onto distinct vertices under any covering
projection.
We use a modi/ed graph Fk : add three vertices d; e; f and remove edges (v; Pv); (w; Pw).
Then connect the vertex d by the path Plk to the vertex v and also to Pv by using P
l
k+1.
Similarly, connect e to w via Plk and e to Pw via P
l
k+1. Finally, join the vertices e and
f by two edges.
Use k=2− 1 copies of the modi/ed graph Fk , and label them F1; : : : ; Ft . Identify the
vertex d1 with the vertex c and the vertices fi with di+1 (for 16i6t − 1). Connect
the vertex ft via two paths Plk=2 to the vertex c
′ (see Fig. 4).
Use the above edge gadget for all edges in the graph G and call the resulting
multigraph PG.
Consider a covering projection f : PG → Clk and focus the attention on an edge
gadget between vertices c and c′. Vertices di and ei are mapped onto the same vertex
or onto two neighbors in Clk , and therefore the vertex et can be mapped onto any
vertex of Clk except the one that lies opposite to f(d1)=f(c). Since f(et) and f(c
′)
are opposite vertices on Clk , the vertex c
′ is mapped onto an arbitrary vertex distinct
from f(c).
The projection ’ :V (G)→ {1; 2; : : : ; k} de/ned by ’(v) = f(c1) where c1 ∈ Sv is a
proper coloring of the graph G.
In the opposite direction, we /nd a covering projection PG → Clk if a proper coloring
’ of G is given. First we map vertices c of Sv to the color of the vertex v and then
extend this projection to the remaining vertices. It follows from the construction of the
graph PG that such a covering projection exists.
3. The k-two-cycle cover problem
Denition 3. The k-two-cycle multigraph arises from the cycle Ck by replacing each
edge by a pair of edges in two distinct colors (e.g. red and blue).
Let Crbk denote the k-two-cycle derived from Ck .
The k-two-cycle cover problem is isomorphic to the k-star/sh problem [4].
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Fig. 5. 8-two-color reduction, solid edges are blue, dashed are red.
Let us recall that the k-two-cycle cover problem is NP-complete if k is odd. On
the other hand there exists a nontrivial polynomial algorithm when k equals to 1, 2
or 4 [5,6].
Observation 5 (Kratochvil et al. [5]). If the k-two-cycle cover problem is NP-complete
then the 2k-two-cycle cover problem is also NP-complete.
In view of this observation, a complete characterization of the complexity of k-two-
cycle (k-star/sh) covering problem is provided by the following result.
Theorem 6. The 8-two-cycle covering problem is NP-complete.
Proof. The idea of the proof is based on the reduction from the graph 4-colorability
problem. Let G be the investigated — connected — graph.
We construct the graph PG as follows. For each vertex v, use a blue cycle of length
8 ∗ deg(v) and label every eighth vertex of this cycle as c. All these c’s are mapped
onto the same image and this vertex in Crb8 determines the color of v. (These cs relating
to the vertex v are marked by subscript v in the following text.)
For each edge (v; w) ∈ E(G) select unique cv and cw and connect them by two red
8-cycles and one blue C16 as shown in Fig. 5.
We /nish the construction of PG by using eight copies (levels) of this graph and
connect vertices of degree 2 by 8-cycles using the same method as in the previous
observation.
Consider a covering projection f : PG → Crb8 . It can be easily proved that the copies
of the /xed vertex cyclically change images, as we alternate between the distinct levels.
Consider the /rst copy of the graph PG. Fix a vertex v and suppose, w.l.o.g., that all
its cv’s are mapped on the vertex u0 ∈ V (Crb8 ). If (v; w) is an edge of the graph G,
then f(a) = f(b) ∈ {u1; u7} which implies f(cw) ∈ {u2; u4; u6}.
All c’s are mapped onto vertices with even subscript. We use these four vertices as
colors for the graph G, more formally by ’(v) = i ⇔ f(cv) = ui. We have already
proved that neighbors in the graph G can be colored by distinct colors.
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To complete the proof we note that from any coloring of the graph G the proper
covering of the multigraph PG can be derived, like in the preceding section.
Corollary 2. The k-two-color problem is polynomially solvable for k = 1; 2; 4 and is
NP-complete in all other cases.
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